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Abstract. One describes, using a detailed analysis of Atiyah–Hirzebruch spectral
sequence, the tuples of cohomology classes on a compact, complex manifold, corre-
sponding to the Chern classes of a complex vector bundle of stable rank. This classifica-
tion becomes more effective on generalized flag manifolds, where the Lie algebra for-
malism and concrete integrability conditions describe in constructive terms the Chern
classes of a vector bundle.
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1. Introduction
Let X denote a finite CW-complex of dimension n. For a natural r, one denotes by
Vectrtop(X) the isomorphism classes of complex vector bundles on X , of rank r. It is well-
known that the map:
Vect[n/2]top (X)→ Vectrtop(X), E 7→ E⊕ 1r−[n/2]
is onto whenever r ≥ [n/2] (the integer part of n/2). Moreover, for r ≥ n/2, the same map
is bijective (see for instance [13]).
On the other hand, Peterson [17] has proved that, if r ≥ n/2 and H2q(X ,Z) has no
(q− 1)!-torsion for any q ≥ 1, then two vector bundles E and E ′ of rank r on X are
isomorphic if and only if they have the same Chern classes.
An intriguing question is how to determine the range of the total Chern class map:
c: Vectrtop(X)→∏
q
H2q(X ,Z).
According to previous observations, this would imply (under the above torsion conditions)
a classification of all rank r complex vector bundles on X , for stable rank r ≥ n/2.
A few partial answers to this question are known. For instance, a classical result of
Wu asserts that any couple of cohomology classes (c1,c2) ∈ H2(X ,Z)×H4(X ,Z) coin-
cides with c(E) for a vector bundle E , on a basis X of dimension less than or equal to
4. For complex projective spaces the range of c was computed by Schwarzenberger (see
Appendix 1, pp. 22 of [12]) and Thomas [21]. A proof of Schwarzenberger–Thomas result
is also given in the paper by Switzer [20]. If n ≤ 7 and H7(X ,Z) has no 2-torsion, then a
∗Since deceased.
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triple (c1,c2,c3),ci ∈H2i(X ,Z) coincides with c(E) for a rank-3 vector bundle E on X , if
and only if c3 ≡ c1c2 +Sq2c2 in H6(X ,Z2) (see [3]). Moveover, for a compact complex
manifold X of complex dimension 3, one has the bijection:
c: Vect3top(X)→ {(c1,c2,c3); ci ∈ H2i(X ,Z) for i = 1,2,3
and c3 ≡ c1c2 + c1(X)c2(mod 2)}.
Here c1(X) is the first Chern class of the complex tangent bundle of X .
In the present paper, we study the classification of stable-rank bundles on some compact
complex manifolds. First, we extend the classification to manifolds of dimensions 4 and
5 (see Propositions 3.1 and 3.2). We then consider some particular classes of complex
manifolds of arbitrary dimensions, including the rational homogeneous manifolds. We list
below the results obtained in this case (see Propositions 4.1–4.3 and Theorems 5.1–5.3
for precise statements).
Let X be a compact complex manifold of complex dimension n.
(a) If H∗(X ,Z) has no torsion, then Vectntop(X) is a bijection with those n-tuples of coho-
mology classes (c1, . . . ,cn) satisfying:∫
X
ch(c1, . . . ,cn)ch(ξ )td(X) ∈ Z
for any ξ ∈ K(X).
(b) Assume that H∗(X ,Z) has no torsion and that H2(X ,Z) generates multiplicatively
Heven(X ,Z). Then Vectntop(X) is in bijection with the classes (c1, . . . ,cn) satisfying∫
X
ch(c1, . . . ,cn)eξ td(X) ∈ Z,
for any ξ ∈H2(X ,Z).
(c) Assume that X = G/B, where G is a complex algebraic, semi-simple, simply con-
nected Lie group and B is a Borel subgroup. Then, Vectntop(X) is isomorphic to the set
of all classes (c1, . . . ,cn) with the property∫
X
ch(c1, . . . ,cn)ch(OXw)e−ρ ∈ Z,
for w∈W (the Weyl group of G). Moreover, these integrality conditions are equivalent
to ∫
X
ch(c1, . . . ,cn)eχ ∈ Z,
for any character χ of a fixed maximal torus contained in B.
Here OXw denotes the structure sheaf of the closed Schubert cell Xw associated with
w ∈W . Also, ρ stands for the semisum of all positive roots of B.
(d) If X is as before and G is a product of simple groups of type SL or Sp, then the
conditions are∫
X
ch(c1, . . . ,cn)eχ−ρ ∈ Z,
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where χ = ωi1 + · · · + ωik ,1 ≤ i1 ≤ ·· · ≤ ik ≤ r,0 ≤ k ≤ n − 3 and ω1, . . . ,ωr
are the fundamental weights of G (we have put by convention that χ = 0 for
k = 0).
Actually the classes ch(OXw) appearing in assertion (c) can be related to the natural
basis ([Xw])w∈W of H∗(X ,Z), by using Demazure’s results on the desingularization of
Schubert cells [8]. However we ignore whether there exists an accessible transforma-
tion which relates the two bases (ch(OXw))w∈W and ([Xw])w∈W of H∗(X ,Q). This is
discussed in the final part of the paper.
The main tools in the sequel are the Atiyah–Hirzebruch spectral sequence, the inte-
grality condition derived from the Atiyah–Singer index theorem and of course the spe-
cific properties of flag manifolds. The present article is motivated by the still unsolved
problem concerning the existence of analytic structures on complex vector bundles,
and the earlier attempts to find a solution in low dimension [3] via a topological clas-
sification of vector bundles at stable rank.
2. The Atiyah–Hirzebruch spectral sequence and a technical result
This preliminary section contains some consequences of the Atiyah–Hirzebruch spectral
sequence for topological K-theory. Among them, the subsequent technical Lemma 2.1 is
the basis of all results contained in this paper.
Let X be a finite CW-complex and let X i stand for its i-dimensional skeleton. Corre-
sponding to the natural filtration,
X = Xn ⊃ Xn−1 ⊃ ·· · ⊃ X0 ⊃ X−1 =∅,
there exists the Atiyah–Hirzebruch spectral sequence which converges to K(X). The sec-
ond level terms of this sequence are
E p,q2 = H
p(X ,Kq(pt.)) =
{
H p(X ,Z), q even
0, q odd.
The coboundaries of this spectral sequence are denoted by d p,qr . Due to the concrete form
of E p,q2 one easily finds d
p,q
r = 0 for r even. Moreover, all coboundaries d p,qr have torsion
(see [1] or [10]).
It was also proved by Atiyah and Hirzebruch [1] that d p,qr = 0 for all p,q,r (r ≥ 2),
whenever H∗(X ,Z) has no torsion. Indeed, because d3: H(X ,Z)→H+3(X ,Z) has torsion,
it follows that d3 = 0, and so on.
For later use, the following detailed analysis of the coboundaries d p,qr is needed. First,
Atiyah and Hirzebruch [1] noticed that, for a given class α ∈ H2p(X ,Z), if d2k+1α = 0
for all k ≥ 1, then there exists a class ξ ∈ K(X) such that
ξ |X2p−1 is trival and cp(ξ ) = (p− 1)!α
(see also ch. VIII of [10]). Since any ξ ∈ K(X) can be represented as ξ = [E]− [1m],
it follows that there exists a vector bundle E on X which is trivial on X2p−1 and its pth
Chern class is prescribed as cp(E) = (p− 1)!α .
The vanishing conditions d2k+1α = 0,k ≥ 1, are superfluous in the case of a
CW-complex X with torsion-free cohomology.
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A deeper analysis of the cohomology operations d p,qr leads to the next result of Buh-
staber [7]. Let p,q be positive integers such that dimX < p+ q and let us denote
m = ∏
s≥2
sprime
s
[
q−1
2s−1
]
.
Then for every ξ ∈ E p,02 ∼= H p(X ,Z), the multiple mξ is annihilated by all coboundaries
d2k+1,k ≥ 1.
In particular, if dimX = 10, then 12d4,·2k+1 = 0 for all k ≥ 1.
Next we prove that under some natural nontorsion conditions, the range of the Chern
class map can be computed, at least in principle. Throughout this paper, Zm denotes the
finite cyclic group of order m and p˙ stands for the class of the integer p in Zm, or an
operation deduced from it.
Lemma 2.1. Let X be a topological space having the homotopy type of a finite CW-
complex of dimension n. Assume that the group H2q(X ,Z) has no (q− 1)!-torsion for
q ≤ (n/2)− 1 and that d2p,∗2k+1 = 0 for k ≥ 1 and p ≥ 2. For every p ≥ 1 one denotes
Cp = {(c1, . . . ,cp); ci ∈ H2i(X ,Z) and there exists a vector bundle
E on X with ci(E) = ci, 1 ≤ i ≤ p}.
Then
(1) C1 = H2(X ,Z),C2 = H2(X ,Z)×H4(X ,Z),
(2) There are functions ϕp: Cp → H2p+2(X ,Zp!) with the property:
Cp+1 = {(c1, . . . ,cp+1);(c1, . . . ,cp) ∈Cp, c˙p+1 = ϕp(c1, . . . ,cp)}
for every p ≥ 1.
Proof.
(1) The first equality C1 = H2(X ,Z) is obvious. In order to prove the second equality,
let (c1,c2) be an arbitrary element of H2(X ,Z)×H4(X ,Z). There exists a complex
line bundle L on X with c1(L) = c1, and, according to the Atiyah–Hirzebruch result
mentioned above, there exists a vector bundle E on X such that c1(E) = 0 and c2(E)=
c2. Here we point out that the vanishing assumptions d2p,∗2k+1 = 0 are essential. Then
the vector bundle L⊕E has the first two Chern classes c1 and c2.
(2) The function ϕp: Cp →H2p+2(X ,Zp!) is defined as follows: Let (c1, . . . ,cp)∈Cp and
let E be a vector bundle with ci(E) = ci,1 ≤ i ≤ p. Then
ϕp(c1, . . . ,cp) = cp+1(E),
that is the image of cp+1(E) through the natural map H2p+2(X ,Z)→H2p+2(X ,Zp!).
In order to prove that this definition is correct, let E ′ be another vector bundle with
ci(E ′) = ci for 1 ≤ i ≤ p. We may assume in addition that X is a CW-complex of dimen-
sion n and that rank(E ′) = rank(E). Let X k denote the k-skeleton of X . In view of Peter-
son’s theorem (see the introduction in [17]), [E|X2p+1] = [E ′|X2p+1], since Hs(X ,Z) ∼=
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Hs(X2p+1,Z) for s≤ 2p and Hs(X2p+1,Z) = 0 for s> 2p+1. Consequently, the K-theory
class ξ = [E|X2p+2]− [E ′|X2p+2]∈ ˜K(X2p+2) belongs to the kernal of the restriction map
ρ :
˜K(X2p+2,X2p+1) i−→ ˜K(X2p+2) ρ−−−−→ ˜K(X2p+1).
From the above exact sequence of reduced K-theory one finds that χ = iη for an element
η ∈ ˜K(X2p+2,X2p+1).
But X2p+2/X2p+1 is a bouquet of (2p+2)-dimensional spheres, whence, by a theorem
of Bott (see for instance [10]), ci(η) = 0 for 1 ≤ i ≤ p and cp+1(η) is a multiple of
p!. This implies the divisibility of cp+1(E|X2p+2)− cp+1(E ′|X2p+2) by p!. It remains to
remark that the restriction map H2p+2(X ,Zp!)−→H2p+2(X2p+2,Zp!) is one-to-one, and
this finishes the proof of the correctness of the definition of ϕp.
Next we prove the equality in assertion (2) for p≥ 1. Obviously ϕ1 = 0 and this identity
agrees with C2 = H2(X ,Z)×H4(X ,Z). For an arbitrary p, one remarks that the inclusion
‘⊂’ in (2) is a consequence of the definition of ϕp.
In order to prove the converse inclusion, let (c1, . . . ,cp+1) be a (p+ 1)-tuple of coho-
mology classes which satisfy: (c1, . . . ,cp) ∈ Cp and c˙p+1 = ϕp(c1, . . . ,cp). Let F be a
vector bundle on X with the first Chern classes ci(F) = ci,1 ≤ i ≤ p. By the very defi-
nition of the function ϕp one gets c˙p+1 = cp+1(F) = ϕp(c1, . . . ,cp). Hence there exists a
cohomology class σ ∈H2p+2(X ,Z), such that
cp+1− cp+1(F) = (p!)σ .
The vanishing hypotheses in the statement assures the existence of a vector bundle G
on X with ci(G) = 0 for 1 ≤ i ≤ p and cp+1(G) = (p!)σ .
In conclusion, the vector bundle E = F⊕G has Chern classes ci(E) = ci, 1≤ i≤ p+1,
and the proof of Lemma 2.1 is over. ✷
Let us remark that the sets Cp and the functions ϕp are obviously compatible with
morphisms f : Y → X .
Lemma 2.1 will be used in the sequel in the following form: Let X and ϕ1,ϕ2, . . . be as
before. Then the cohomology clasess (c1, . . . ,c[n/2]) are the Chern classes of a complex
vector bundle on X if and only if
c˙p+1 = ϕp(c1, . . . ,cp) in H2p+2(X ,Zp!)
for every p ≥ 2.
Indeed, if c˙3 = ϕ2(c1,c2), then (c1,c2,c3) ∈ C3, so that ϕ3(c1,c2,c3) makes a perfect
sense, and so on. Of course, the above vector bundle can be assume to be exactly of rank
equal to [n/2].
The preceding result shows (at least theoretically) what kind of congruences are needed
to determine the range of the total Chern class map. The main problem investigated in the
following sections is to establish concrete cohomological expressions for the functions
ϕp, for particular choices of the base space X .
The simple applications of Lemma 2.1 appeared in [3]. For the sake of completeness,
we include them in the present section, too.
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COROLLARY 2.2.
Let X be a finite CW-complex of dimension less than or equal to 7 such that H7(X ,Z) has
no 2-torsion. Then (c1,c2,c3) are the Chern classes of a rank 3 vector bundle on X if and
only if
c3 ≡ c1c2 +Sq2c2 in H6(X ,Z2).
Proof. The torsion conditions in Lemma 2.1 are automatically satisfied. Moreover,
the only possible non-zero coboundary in the Atiyah–Hirzebruch spectral sequence is
d43 : H4(X ,Z)→ H7(X ,Z).
But it is known that d3 is a cohomological operation, which coincides with Streenrod’s
square Sq3 (see [10]). Therefore 2 ·d43 = 0, which, in conjunction with the lack of 2-torsion
in H7(X ,Z) shows that d43 = 0.
At this moment we are able to apply Lemma 2.1 and we are seeking a concrete form of
the function ϕ2. This is obtained by Wu’s formula:
w6 = w2w4 +Sq2w4, (2.1)
referring to the universal Stiefel–Whitney classes (see for instance, ch. III.1.16 of [13]).
Accordingly, the Chern classes (c1,c2,c3) of a rank 3 vector bundle on X satisfy
c3 ≡ c1c2 +Sq2c2 in H6(X ,Z2). (2.2)
In conclusion, the function ϕ2: H2(X ,Z)×H4(X ,Z)→ H6(X ,Z2) is precisely
ϕ2(c1,c2) = (c1,c2 +Sq2c2)∗.
✷
COROLLARY 2.3.
Let X be a connected, compact complex manifold of dimension 3. Then
Vect3top(X)∼= {(c1,c2,c3);ci ∈H2i(X ,Z),c1c2 + c1(X)c2 ≡ c3(mod 2),
i = 1,2,3}.
Indeed, in this case Sq2c2 = c1(X)c2(mod 2), where c1(X) stands for the first Chern
class of the tangent complex bundle of X .
The congruence relation c3 ≡ c1c2 + c1(X)c2(mod 2) can alternatively be obtained in
Corollary 2.3 from the topological Riemann–Roch theorem.
For higher dimensional CW-complexes (i.e., of dimension greater than 7) we ignore
whether a finite result like Corollary 2.2 holds. It would be interesting for instance to
identify the functions ϕ3,ϕ4 among the identities satisfied by the universal Chern classes
and the secondary and tertiary cohomological operations of order 6 and respectively 24.
For the rest of the paper we confine ourselves to only the simpler case of compact
complex manifolds.
3. The stable classification on low dimensional compact complex manifolds
The Atiyah–Singer index theorem [2] provides some integrality conditions from which
one can read the functions ϕ3 and ϕ4, on compact complex manifolds of dimensions 4
and 5 satisfy certain torsion-free cohomological conditions.
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PROPOSITION 3.1.
Let X be a compact, connected complex manifold of complex dimension 4 such that
H6(X ,Z) and H7(X ,Z) have no 2-torsion. Then (c1,c2,c3,c4) are the Chern classes of a
(unique) rank 4 vector bundle on X , if and only if:
c3 ≡ c1c2 +Sq2c2 in H6(X ,Z2), (3.1)
c4 ≡ (c1 + c1(X))(c3− c1c2)+
1
2
(c2(c2− c2(X))
+ c1(X)(c3− (c1 + c1(X))c2))(mod 6). (3.2)
Proof. We will see below that (3.1) implies that the right-hand term of (3.2) is an integer
cohomology class in spite of the denominator 2.
The general torsion and vanishing assumptions in Lemma 1 are fulfilled because 2d3 =
0 and d45 = 0.
Let E be a rank-4 complex vector bundle on X with Chern classes ci = ci(E), i =
1,2,3,4. As before, formula (2.1) of Wu implies the congruence (3.1), whence
ϕ2(c1,c2) = (c1c2 +Sq2c2) in H6(X ,Z2).
The next function ϕ3 is obtained from the Atiyah–Singer index theorem.
First, recall the notation
∫
X ξ for the coefficient of the component of degree 8 in the
cohomology class ξ ∈H∗(X ,Q), via the isomorphism H8(X ,Q)∼=Q given by the volume
element.
The Atiyah–Singer index theorem [2] implies that∫
X
ch(E)td(X) ∈ Z, (3.3)
for any vector bundle E on X .
By denoting τi = ci(TX), where TX is the complex tangent bundle of X , a straightfor-
ward computation shows that relation (3.3) becomes
−
1
180(τ
4
1 − 4τ21 τ2− 3τ22 − τ1τ3 + τ4)
+
1
24
c1τ1τ2 +
1
24
(c21− 2c2)(τ21 + τ2)
+
1
12
(c31− 3c1c2 + 3c3)+
1
24
(c41− 4c21c2 + 4c1c3 + 2c22− 4c4) ∈ Z. (3.4)
The last formula can be simplified by replacing E with only a few particular vector
bundles. For instance, if E = 14 (the trivial bundle), then one finds that the first bracket is
divisible by 180. Then for E = 13⊕L, where L is a line bundle with c1(L) = c1, one gets
1
24
c1τ1τ2 +
1
24
c22(τ
2
1 + τ2)+
1
12
c31τ1 +
1
24
c41 ∈ Z.
By simplifying (3.4) correspondingly one obtains exactly the relation (3.2).
Moreover, if (c1,c2,c3) satisfies (3.1), then by Lemma 2.1, there exists a vector bundle
F on X with ci(F) = ci, i = 1,2,3. In view of the preceding computation one finds the
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identity
c4(F)− (c1 + c1(X))(c3− c1c2)+ 6σ
=
1
2
(c2(c2− c2(X))+ c1(X)(c3− (c1 + c1(X))c2)),
for some σ ∈ H8(X ,Z). This shows that the expression on the right-hand term always
represents an integer class of cohomology and that one can identify the function ϕ3: C3 →
H8(X ,Z6) with
ϕ3(c1,c2,c3) =
[
(c1 + c1(X))(c3− c1c2)
+
1
2
(c2(c2− c2(X))+ c1(X)(c3− (c1 + c1(X))c2))
]
.
Thus the proof of Proposition 3.1 is over. ✷
By taking into account the properties of the Steenrod operation Sq,
Sq2η = c1(X)η , η ∈ H6(X ,Z2),
Sq1ξ = 0, ξ ∈ H2(X ,Z2),
Sq2(ξ c2) = ξ Sq2c2 +Sq1ξ ·Sq1c2 + ξ 2c2,
one deduces from (3.1) the relation
ξ (c1c2 + c3− (c1(X)+ ξ )c2)≡ 0 (mod 2) (3.5)
for every ξ ∈H2(X ,Z).
But H6(X ,Z) was supposed to be without 2-torsion. Hence H3(X ,Z) has no 2-torsion,
too, and the restriction of scalars map H2(X ,Z)→H2(X ,Z2) is onto.
That means that relation (3.5) is equivalent to (3.1), because one does not lose informa-
tion by evaluating (3.1) on the classes of H2(X ,Z2). ✷
In conclusion, relations (3.1) and (3.5) may be interchanged in Proposition 3.1. More-
over, the above proof shows that relation (3.5) is sufficient to be satisfied by a subset of
H2(X ,Z) whose image in H2(X ,Z2) is a basis.
Before going on to complex manifolds of dimension 5 we recall that the Chern charac-
ter in K-theory has a formula:
ch(ξ ) = rank ξ +
∞
∑
k=1
Pk(c1(ξ ), . . . ,ck(ξ )), ξ ∈ K(X),
where Pk are some universal weighted polynomials with rational coefficients (see for
instance [12]).
In general, for a r-tuple of cohomology classes (c1, . . . ,cr),ci ∈ H2i(X ,Z),1 ≤ i < r,
one defines
ch(c1, . . . ,cr) = r+
∞
∑
k=1
Pk(c1, . . . ,ck),
by putting cr+1 = 0,cr+2 = 0 and so on. Of course, when (c1, . . . ,cr) are the Chern classes
of a vector bundle E of rank r, the above expression represents the Chern character of E .
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PROPOSITION 3.2.
Let X be a connected, compact complex manifold of complex dimension 5. One assumes
that the groups H6(X ,Z) and H7(X ,Z) have no 2-torsion, that H8(X ,Z) has no 6-torsion
and that H9(X ,Z) has no 12-torsion.
Then (c1,c2,c3,c4,c5) are the Chern classes of a (unique) vector bundle of rank 5 on
X if and only if
c3 ≡ c1c2 +Sq2c2 in H6(X ,Z2). (3.6)
and
∫
X
ch(c1, . . . ,c5)eξ td(X) ∈ Z, (3.7)
for every ξ ∈ H2(X ,Z).
Proof. The cohomology of the manifold X satisfies the assumptions in Lemma 2.1. More-
over, the coboundaries d2p,∗2k+1 of Atiyah–Hirzebruch spectral sequence vanish for k > 1 and
p ≥ 2. Indeed, d43 vanishes because 2d43 = 0 and on the other hand its target, H7(X ,Z),
has no 2-torsion. Similarly d63 = 0 and also d93 = 0 by dimension reasons. Consequently
d45 : E
4,0
5 = H
4/ Im d3 → E9,−45 = H9. But the group H9(X ,Z) has no 12-torsion and on
the other hand, 12− d4,∗5 = 0 by [7]. Hence d45 = 0 as desired.
Let E be a vector bundle on X of rank 5 and let (c1, . . . ,c5) denote its Chern classes. The
congruence (3.6) follows from Wu’s formula as before. By applying the index theorem to
E ⊗L, where L is a line bundle with c1(L) = ξ one gets (3.7).
Conversely, assume that the cohomology classes (c1, . . . ,c5) satisfy (3.6) and (3.7). In
view of Lemma 2.1 we have to prove that c˙3 = ϕ2(c1,c2), c˙4 = ϕ3(c1,c2,c3) and c˙5 =
ϕ4(c1,c2,c3,c4).
We already know the form of the function ϕ2 derived from Wu’s formula: ϕ2(c1,c2) =
c1c2 +Sq2(c2) (mod 2). Consequently, there exists a vector bundle E on X with ci(E) =
ci, i = 1,2,3. Then by definition, ϕ3(c1,c2,c3) is the image of c4(E) in H8(X ,Z6), and
thus we are led to prove that c˙4(E) = c˙4.
The hypotheses on H∗(X ,Z) imply
H8(X ,Z6)∼= HomZ(H2(X ,Z),Z6).
Therefore it suffices to prove that ξ c4−ξ c4(E) is a multiple of 6 for every ξ ∈H2(X ,Z).
The assumption (3.7) and the index theorem yield
∫
X
ch(c1, . . . ,c5)(1− eξ )td(X) ∈ Z (3.8)
and
∫
X
ch(E)(1− eξ )td(X) ∈ Z (3.9)
respectively.
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It is worth mentioning that c5 and c5(E) do not matter in the integrality conditions (3.8)
and (3.9). In fact, these conditions can be reduced modulo Z to expressions such as
1
6ξ · c4 +P(ξ ,c1,c2,c3,c(X)),
1
6ξ · c4(E)+P(ξ ,c1,c2,c3c(X)),
where P is a polynomial with rational coefficients.
In conclusion, ξ (c4 − c4(E)) is divisible by 6 for any ξ ∈ H2(X ,Z), whence c˙4 =
ϕ3(c1,c2,c3). Therefore, there exists a vector bundle F on X , with ci(F) = ci, i = 1,2,3,4.
By simply writing the index theorem for F ,∫
X
ch(F)td(X) ∈ Z
and comparing this relation to the assumption (3.7) one gets that c4− c4(F) is a multiple
of 4!.
This finishes the proof of Proposition 3.2. ✷
As in the preceding proof, it is sufficient to ask in the statement of Proposition 3.2 if
the class ξ belongs to a system of generators of H2(X ,Z) and ξ = 0.
We do not know whether condition (3.6) is equivalent, like in the case of dimX = 4, to
a congruence involving only the cap product operation. Also, the stable classification of
complex vector bundles on 6-dimensional manifolds (more exactly a concrete form of the
function ϕ3) is unknown to us.
4. The stable-rank classification on compact complex manifolds with torsion-free
cohomology
In this section we prove that Atiyah–Singer integrality conditions (3.3) are the only restric-
tions imposed to a n-tuple of cohomology classes (c1, . . . ,cn) in order to be the Chern
classes of a vector bundle on a compact complex manifold X , whose cohomology is tor-
sion free, n = dimC X .
PROPOSITION 4.1.
Let X be a connected, compact complex manifold of dimension n, with torsion-free coho-
mology. Then the cohomology classes (c1, . . . ,cn) are the Chern classes of a (unique)
vector bundle of rank n on X , if and only if∫
X
ch(c1, . . . ,cn)ch(ξ )td(X) ∈ Z, ξ ∈ K(X). (4.1)
Proof. Conditions (4.1) are necessary by the Atiyah–Singer index theorem. Conversely,
let (c1, . . . ,cn) be an n-tuple of cohomology classes which satisfies (4.1). In order to con-
struct a vector bundle E with ci(E) = ci,1 ≤ i≤ n, it is sufficient to prove that
c˙3 = ϕ2(c1,c2), . . . , c˙n = ϕn−1(c1, . . . ,cn−1)
and apply them to Lemma 2.1.
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However, in this case Lemma 2.1 can be avoided and a direct argument is possible. So
we prove inductively that there are vector bundles E p on X , with the properties: ci(E p) =
ci,1 ≤ i ≤ p and 1 ≤ p ≤ n.
The case p = 1 is obvious. Assume that there exists a vector bundle E p−1 with
ci(E p−1) = ci for 1 ≤ i ≤ p − 1. We have to prove that cp − cp(E p−1) is a multi-
ple of (p − 1)!. Indeed, in that case the result of Atiyah and Hirzebruch mentioned
in the introduction provides a vector bundle F with ci(F) = 0 for 1 ≤ i ≤ p− 1 and
cp(F) = cp − cp(E p−1). Hence the vector bundle E p = E p−1 ⊕ F has the first Chern
classes ci(E p) = ci,1 ≤ i≤ p.
Since
H2p(X ,Z(p−1)!)∼= HomZ(H2n−2p(X ,Z),Z(p−1)!),
it is sufficient to verify that η(cp − cp(E p−1)) is a multiple of (p− 1)! for any η ∈
H2n−2p(X ,Z). For that aim, consider a class ξ ∈ ˜K(X) with ci(ξ ) = 0 for 0 ≤ i < n− p
and cn−p(ξ ) = (−1)n−p−1(n− p− 1)!η , so that
ch(ξ ) = η + higher order terms.
By hypothesis∫
X
ch(c1, . . . ,cn)ch(ξ )td(X) ∈ Z,
and by the index theorem,∫
X
ch(E p−1ch(ξ )td(X) ∈ Z.
In both integrals the classes cp+1, . . . ,cn and cp+1(E p−1), . . . ,cn(E p−1) do not matter.
Consequently, they reduce to
1
(p− 1)!
ηcp +Q(c1, . . . ,cp−1,c(ξ ),c(X)) ∈ Z
and
1
(p− 1)!
ηcp(E p−1)+Q(c1, . . . ,cp−1,c(ξ ),c(X)) ∈ Z
respectively, where Q is a polynomial with rational coefficients.
In conclusion, (p− 1)! divides η(cp − cp(E p−1)) and the proof of Proposition 4.1 is
complete. ✷
Before continuing with an application of the proposition we recall some needed termi-
nology. A nonsingular projective (complex) variety X of dimension n is said to possess an
algebraic cell decomposition
X = Xn ⊃ Xn−1 ⊃ ·· · ⊃ X0 ⊃ X−1 =∅,
if X i are closed algebraic subsets of X and each difference X i\X i−1 is a disjoint union of
locally closed submanifolds U i j which are isomorphic with the affine space Ci. The sets
Ui j are the cells of this decomposition and their closures are called the closed cells.
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If the projective manifold X admits an algebraic cell decomposition, then Hodd(X ,Z) =
0,Heven(X ,Z) is torsion free and moreover H2p(X ,Z) is freely generated by the funda-
mental classes of all closed cells on codimension p (see [9]). Concerning the K-theory, it
is known that Kalg(X) is a free group with base [OY ], where OY are the structure sheaves
of the closed cells (see [11]). Moreover, the natural map
ε: Kalg(X)→ K(X) (4.2)
is in that case isomorphic.
The surjectivity of ε follows easily from the following statement: if ξ ∈ K(X) has the
property ci(ξ ) = 0 for 1≤ i≤ p−1 then there exists an algebraic class ξ ′ ∈ Kalg(X) with
ci(ξ ) = ci(ε(ξ ′)) for 1 ≤ i≤ p.
If ξ ∈ K(X) is as before, then cp(ξ ) = (−1)p−1(p− 1)!η , with η ∈ H2p(X ,Z). Since
η −∑i ni[Yi], where Yi are the closed cells of dimension p, we define ξ ′ = ∑i ni[OYi ]. But
for an irreducible subvariety Y of codimension p one has ci(OY ) = 0 for 0 < i < p and
cp(OY )= (−1)p−1(p−1)![Y ] (see p. 297 of [9] for an argument valid when Y is nonsingu-
lar) (in general, by simply removing the singular locus of Y ). This concludes the surjectiv-
ity. The injectivity of ε follows
similarly.
PROPOSITION 4.2.
Let X be a projective, nonsingular variety of dimension n, which has an algebraic cell
decomposition. The cohomology classes (c1, . . . ,cn) are the Chern classes of a (unique)
vector bundle of rank n on X if and only if
∫
X
ch(c1, . . . ,cn)ch(OY )td(X) ∈ Z, (4.3)
for every closed cell Y of X , of dimension greater than or equal to 3.
Proof. The necessity follows from the index theorem or from the Riemann–Roch–
Hirzebruch formula.
If we drop the condition dimY ≥ 3, the statement is equivalent to Proposition 4.1. So
the only thing to be proved is that the closed cells Y of dimension less than 3 do not
matter in the integrality formula (4.3). This is obvious when we compare with the proof
of Proposition 4.1, because any vector bundle E on X with ci(E) = ci,1 ≤ i < p satisfies
cp = cp(E) in H2p(X ,Z(p−1)!) for p ≤ 2. ✷
Otherwise, one repeats the proof of Proposition 4.1 by evaluating cp−cp(E) on η = [Y ]
and by taking ξ = ε[OY ], correspondingly.
Remark. Let Y be a connected, nonsingular, closed algebraic subset of dimension d of a
projective nonsingular variety X of dimension n.
The Riemann–Roch–Grothendieck theorem applied to the inclusion i: Y →֒ X
yields
i∗(td(Y )) = ch(OY )td(X).
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This identity and the projection formula prove that for any cohomology classes (c1, . . . ,cn)
one has ∫
X
ch(c1, . . . ,cn)ch(OY )td(X) =
∫
Y
ch(i∗c1, . . . , i∗cn)td(Y )
=
∫
Y
ch(i∗c1, . . . , i∗cd)td(Y )
+ (n− d)χ(OY )
because i∗(cd+1) = · · ·= i∗(cn) = 0.
This remark shows that condition (4.3) in Proposition 4.2 can be replaced by the
Riemann–Roch formula, written on every closed cell, provided that all closed cells are
non-singular. A familiar example of that kind is X = Pn(C), the complex projective space
of dimension n. Actually Le Potier [16] had a similar point of view on Pn(C), in what
concerns the integrability conditions satisfied by the Chern classes of a vector bundle.
Quite specifically, in that case (c1, . . . ,cn) are the Chern classes of a vector bundle on
Pn(C), if and only if∫
P3
ch(c1,c2,c3)td(P3) ∈ Z, . . . ,
∫
Pn
ch(c1, . . . ,cn)td(Pn) ∈ Z.
Recall that td(Pn) = [h/(1− e−h)]n+1, where h is the class of a hyperplane.
An equivalent set of integrality conditions, such as∫
Pn
ch(c1, . . . ,cn)ekh[h/(1− e−h)]n+1 ∈ Z, 0 ≤ k ≤ n− 3,
is provided by the next result.
PROPOSITION 4.3.
Let X be a complex compact manifold of dimension n. Assume that H∗(X ,Z) is torsion-
free and that Heven(X ,Z) is generated multiplicatively by H2(X ,Z). Then (c1, . . . ,cn) are
the Chern classes of a (unique) vector bundle of rank n on X if and only if∫
X
ch(c1, . . . ,cn)eξ td(X) ∈ Z, ξ ∈H2(X ,Z). (4.4)
Moreover, the class ξ can be chosen of the form ξ = ξ j1 + · · ·+ ξ jk , where 0 ≤ k ≤
n−3,1≤ j1 ≤ ·· · ≤ jk ≤m and ξ1, . . . ,ξm is a basis of H2(X ,Z) (we put ξ = 0 for k = 0).
Proof. Conditions (4.4) are necessary by the Atiyah–Singer index theorem.
Conversely, let (c1, . . . ,cn) be the cohomology classes which satisfy (4.4). For proving
the existence of a vector bundle on X with the prescribed Chern classes (c1, . . . ,cn) one
may use Lemma 2.1 or one may argue as in the proof of Proposition 4.1. As a matter of
fact, we have to prove that for any p≥ 3 and any vector bundle E with ci(E) = ci for 1≤
i < p, the classes cp and cp(E) have the same image in H2p(X ,Z(p−1)!) or equivalently,
η(cp− cp(E)) is divisible by (p− 1)! for a set of generators η of H2n−2p(X ,Z).
We may assume that η = ζ1, . . . ,ζn−p, where ζi = ξ ji for 1 ≤ i ≤ n− p and certain
indices j1, . . . , jn−p. Let us denote
K(ζ1, . . . ,ζn−p) = 1−∑
i
eζi + ∑
j 6=k
eζ j+ζk + · · ·+(−1)n−peζi+···+ζn−p ,
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so that assumption (4.4) becomes∫
X
ch(c1, . . . ,cn)K(ζ1, . . . ,ζn−p)td(X) ∈ Z. (4.5)
On the other hand, the index theorem applied to bundles of the form E ⊗L, rkL = 1,
yields ∫
X
ch(E)K(ζ1, . . . ,ζn−p)td(X) ∈ Z. (4.6)
Next it is sufficient to remark that
K(ζ1, . . . ,ζn−p) = (1− eζ1) · · · (1− eζn−p)
= (−1)n−pζ1 . . .ζn−p + higher order terms
= (−1)n−pη + higher order terms.
This shows that the classes cp+1, . . . ,cn and cp+1(E), . . . ,cn(E) do not matter in rela-
tions (4.5) and (4.6), and moreover by subtracting (4.6) from (4.5) one finds that (p− 1)!
divides η(cp− cp(E)).
This completes the proof of Proposition 4.3. ✷
5. The stable-rank classification on flag manifolds
A notable class of algebraic manifolds which fit into the conditions of Proposition 4.2 are
the flag manifolds, or generalized flag manifolds, following the terminology adopted by
some authors.
Let G denote a semi-simple, connected and simply-connected complex algebraic linear
group. One denotes by T a maximal torus of G, by N(T ) the normalizer of T in G and by
W = N(T )/T the corresponding Weyl group. Let B be a Borel subgroup of G which con-
tains T , Φ the root system with respect to T and Φ+ ⊂Φ the positive roots corresponding
to the choice of B. The system of simple (positive) roots is denoted by ∆⊂ Φ+.
The parabolic subgroup PI = BWIB associated to a subset I ⊂ ∆ is obtained from the
subgroup WI ⊂W generated by the reflections corresponding to I. Any parabolic subgroup
of G can be obtained by such a standard construction (see for instance [5]).
Let P = PI be a parabolic subgroup of B. We simply denote WP instead of WI . Let
w ∈ W and let n(w) denote a representative of w in N(T ). One easily remarks that the
double (B,P) coset Bn(w)P depends only on wWP and hence it may be denoted by BwP.
This is the so-called open Bruhat cell associated to wWP. The images of the Bruhat cells
through the natural projection pi : G → G/P give an algebraic cell decomposition of the
flag manifold G/P. The corresponding closed cells, called the Schubert cells of G/P, are
denoted by XP(w), and they are labelled as w ∈W/WP. In fact, B acts (from the left) on
G/P and the Schubert cells are exactly the closures of the corresponding orbits.
If I is empty, then P = B and the corresponding homogeneous space G/B is called the
full flag manifold of G. In that case the Schubert cells Xw are labelled by the Weyl group
W .
The flag manifolds are projective rational homogeneous varieties, and conversely any
such abstract variety is isomorphic to a flag manifold (see [5]).
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Recall now the Atiyah–Hirzebruch morphism for the full flag manifold G/B [1]. Let
ˆT be the group of characters of T and let R(T ) = Z[ ˆT ] be the representation ring of
T . Any character χ ∈ ˆT extends trivially over the unipotent radical of B and it gives a
complex representation χ : B → C∗. Thus one obtains a line bundle L(χ) = G×B C∗ on
G/B. The association χ 7→ L(χ) is a morphism of groups ˆT → Pic(G/B) which extends
to a morphism of rings R(T )→ K(X), known as the Atiyah–Hirzebruch morphism.
Since the group G was supposed to be simply connected, the map ˆT → Pic(G/B)
is actually an isomorphism. The first Chern class gives an isomorphism Pic(G/B) ∼=
H2(G/B,Z). For simplicity, we identify the integer weights of G with the characters of T
and with elements of H2(G/B,Z).
Consider a flag manifold X = G/P of dimension n, as above. Proposition 4.2 tells us
that a system of cohomology classes (c1, . . . ,cn) of X is the total Chern class of a vector
bundle on X if and only if∫
X
ch(c1, . . . ,cn)ch(OXp(w))td(X) ∈ Z, w ∈W/WP.
Our next aim is to lift these conditions on the full flag manifold G/B. Let pi : G/B →
G/P be the canonical projection. This is a fibration with fibre the rational manifold P/B.
The induced morphism pi∗: H∗(G/P,Z)→ H∗(G/B,Z) is one-to-one and identifies the
cohomology of G/P with the ring of WP-invariants in H∗(G/B,Z) [4].
Let w ∈W . One has
pi∗(OXw) = OXP(w); R
qpi∗(OXw) = 0, q ≥ 1. (5.1)
This is a subtle result essentially proved by Ramanan and Ramanathan [19] (see also
Proposition 2 of §5 in [8]). Consequently pi∗[OXw ] = (OXP(w)) at the level of algebraic K-
theories.
Riemann–Roch–Grothendick theorem and the projection formula yield
pi∗[ch(c1, . . . ,cn)ch(OXw)td(G/B)]
= ch(c1, . . . ,cn)pi∗[ch(OXw)td(G/B)]
= ch(c1, . . . ,cn)ch(OXP(w))td(G/P). (5.2)
Recall that td(G/B) = e−ρ , where ρ is the semisum of all positive roots of G (see [6]).
By evaluating formula (5.2) on G/P one obtains∫
G/B
ch(c1, . . . ,cn)ch(OXw)e−ρ
=
∫
G/P
ch(c1, . . . ,cn)ch(OXP(w))td(G/P).
In particular, this shows that the left-hand term does not depend on the representative w
of the class wWP ∈W/WP and explains the meaning of (5.3).
On the other hand, it is known that the Atiyah–Hirzebruch map is onto (see [18]).
Therefore any class ch(ξ ) with ξ ∈ K(G/B) is an entire combination of elements of the
form eτ with τ ∈ ˆT = H2(G/B,Z). Hence we have proved the following.
Theorem 5.1. Let X =G/P be a flag manifold of dimension n. The n-tuple of cohomology
classes (c1, . . . ,cn) of X represents the Chern classes of a (unique) vector bundle of rank
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n on X if and only if∫
G/B
ch(c1, . . . ,cn)ch(OXw)e−ρ ∈ Z f or w ∈W/WP, (5.3)
or equivalently, if and only if∫
G/B
ch(c1, . . . ,cn)eχ ∈ Z f or χ ∈ ˆT . (5.4)
Remarks.
(1) According to Proposition 4.2, it is sufficient to consider in relation (5.3) only cosets
wWP with the property that dimXP(w)≥ 3.
Let Y be a Schubert cell in X . Then pi−1(Y ) is an irreducible B-invariant subset
of G/B, so it coincides with a Schubert cell of G/B. Thus for any coset wWP one
may find a representative w ∈W , such that pi−1(XP(w)) = Xw (w is the element of
maximal length in wWP). Thus w ∈W is called P-saturated. In that case the vanishing
conditions (5.1) easily follow from the fact that pi/Xw: Xw → XP(w) is a fibration
of fiber P/B, and Hq(P/B,O ) = 0 for q ≥ 1. Thus one can avoid ref. [19] and the
corresponding integrality conditions (which replace (5.3)) are∫
G/B
ch(c1, . . . ,cn)ch(OXw)e−ρ ∈ Z,
for any P-saturated word w ∈W of length l(w)≥ dim(P/B)+ 3.
(2) As ∫G/B ch(c1, . . . ,cn)eτ = ∫G/B ch(c1, . . . ,cn,0, . . . ,0)eτ+ and integer, the integrality
conditions (5.3) shows that the classification of stable-rank vector bundles on G/P
can be deduced from the same classification on G/B.
Namely pi∗: Vects,rktop (G/P)→Vect
s,rk
top (G/B) is a one-to-one map and a vector bun-
dle E on G/B (of stable-rank) is in the range of pi∗ if and only if the Chern classes
ci(E) are Wp-invariant when i ≥ 1. Of course, the two stable ranks on G/P and G/B
do not coincide and the precise meaning of pi∗(E) is up to a trivial direct summand.
By keeping the notation introduced in the first part of this section we denote by w0
in the sequel the element of maximal length in W . Also w1, . . . ,wr are the fundamental
weights of G with respect to the Borel subgroup B.
Theorem 5.2. Let X = G/P be a flag manifold and assume that H2(X ,Z) generates
Heven(X ,Z),n = dimX. Then Vectntop(X) is in bijection, via Chern classes, with the n-
tuples (c1, . . . ,cn) satisfying∫
G/B
ch(c1, . . . ,cn)eχ−ρ ∈ Z, (5.5)
for every character χ ∈ ˆT of the form χ = ωi1 + · · ·+ωik , where 0 ≤ k ≤ n− 3,1 ≤ i1 ≤
·· · ≤ ik ≤ r and ωi1 , . . . ,ωik are the fundamental weights corresponding to simple roots α
for which w0σα is P-saturated.
Proof. One applies Proposition 4.3. Let α be a root with w0σα P-saturated (σα is the
associated reflection). Then XP(w0σα) is a hypersurface in X , whose corresponding line
bundle LP(α) = OX (XP(w0σα)) has the first Chern class [XP(w0σα)].
Complex vector bundles of stable rank 287
By varying α one gets a basis for Pic(X)∼= H2(X ,Z). On the other hand,
pi∗LP(α) = OG/B(Xw0σα ) = L(ωα ),
where ωα is the fundamental weight associated to α . Since for any line bundle L on X
one has ∫
X
ch(c1, . . . ,cn)ch(L)td(X) =
∫
G/B
ch(c1, . . . ,cn)ch(pi∗L)e−ρ ,
the proof of Theorem 5.2 is over. ✷
Let S( ˆT ) denote the symmetric algebra of ˆT , i.e. the polynomials with integer coeffi-
cients acting on the Lie algebra of T . The isomorphism
ˆT ∼= H2(G/B,Z), χ 7→ c1(L(χ)),
extends to a morphism of rings
c: S( ˆT )→ H∗(G/B,Z).
Demazure [8] proved that c is onto precisely when G is a product of groups of type SL and
Sp. In particular in that case H2(G/B,Z) generates Heven(G/B,Z), and so this fits into the
conditions of Theorem 5.2. However, for a parabolic subgroup P ⊂ G,H2(G/P,Z) may
not generate the even cohomology of G/P. In spite of that, the next result still holds.
Theorem 5.3. Let X =G/P be an n-dimensional flag manifold with G a product of simple
Lie groups of types SL and Sp.
Then Vectntop(X) is in bijection, via Chern classes, with the set of n-tuples (c1, . . . ,cn),
ci ∈H2i(G/P,Z),1 ≤ i ≤ n, satisfying∫
G/B
ch(c1, . . . ,cn)ex−ρ ∈ Z,
where χ = ωi1 + · · ·+ωik ,0 ≤ k ≤ dim(G/B)− 3,1≤ i1 ≤ ·· · ≤ ik ≤ r.
Proof. If P=B, then the statement reduces to Theorem 5.2. Otherwise one uses the equal-
ity ch(c1, . . . ,cn) = ch(c1, . . . ,cn,0, . . . ,0)+ n− dim(G/B) and Remark 2.
We close this section by a few comments on the Lie algebra interpretation of the inte-
grality conditions. The morphism c induces a ring morphism
cQ: SQ( ˆT )→ H∗(G/B,Q),
where SQ( ˆT ) =Q⊗ZS( ˆT ). The Weyl group W acts on SQ( ˆT ) and a classical result asserts
that cQ is onto and ker cQ is the ideal generated by the homogeneous W -invariant poly-
nomials of positive degree [5].
For any w ∈W one defines the operators
Aw: SQ( ˆT )→ SQ( ˆT ), Dw: SQ( ˆT )→Q
by Aα f =( f −σα f )/α, f ∈ SQ( ˆT ) for a simple root α,Aw = Aα1 . . .Aαl ,Dw f =(Aw f )(0)
for any irreducible decomposition w = σα1 . . .σαl (see [4]).
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The operators Aw and Dw descend to the rational cohomology of G/B (we use, for
convenience, the same letters)
Aw: H∗(G/B,Q)→H∗(G/B,Q), Dw: H∗(G/B,Q)→Q.
According to Bermstein–Gelfand–Gelfand [4], the integrality condition (5.4) can be
expressed as
∫
G/B
ch(c1, . . . ,cn)eτ = Dw0(ch(c1, . . . ,cn)e
τ),
for any τ ∈ ˆT . Recall that w0 stands for the maximal length element in W .
Concerning the integrality conditions (5.3), their translation into Lie algebra terms faces
an additional difficulty. More exactly, H∗(G/B,Q) has two natural bases as Q-vector
space
([Xw])w∈W and (ch(OXw))w∈W ,
related by some linear formulae:
ch(OXw) = ∑
w′∈W
qw,w′ [Xw′ ], w ∈W,
where qw,w′ ∈ Q,qw,w′ = 0 unless w′ ≤ w and qw,w = 1. Therefore, by [4], the expression
in (5.4) becomes
∫
G/B
ch(c1, . . . ,cn)ch(OXw)e−ρ = ∑
w′∈W
qw,w′Dw′(ch(c1, . . . ,cn)e−ρ).
✷
The next natural question is how to compute the matrix (qw,w′)w,w′∈W . The results of
Demazure [8] on the desingularization of the Schubert cells of the flag manifolds give an
algorithm for computing this matrix. Unfortunately we were not able to put this algorithm
into a simple, manageable form (see the subsequent Appendix).
Another solution to this problem would be to find for every w ∈W a concrete polynom
in SQ( ˆT ) whose image through cQ is ch(OXw).
Appendix: The Chern character of Schubert cells
Let T ⊂ B⊂G,∆⊂Φ+⊂Φ be as in §5 and let n= dim(G/B). Throughout this appendix,
˜B stands for the opposite Borel subgroup of B and w0 = sβ1 . . . sβn is the element of W of
maximal length, written in a reduced form. One denotes
α1 = β1,α2 = sβ1(β2), . . . ,αn = sβ1 . . . sβn−1(βn).
Then Φ+ = {α1, . . . ,αn} and sα1 . . .sαi = sβi . . . sβ1 for 1 ≤ i≤ n.
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Let ψ : Z → X = G/B be the desingularization associated to the decomposition of w0
into sβ1 . . .sβn [8]. The space Z is constructed as a sequence of P1-fibre bundles fi: Zi →
Zi−1, each of them being endowed with a canonical cross-section σi: Zi−1 → Zi,
Z = Zn
fn−→←−σn Z
n−1 −→←− ·· · −→←− Z1
f1−→←−σ1 Z
0 = point.
For any i = 1,2, . . . ,n one denotes Zi = f−1n . . . f−1i+1(Im σi) and one remarks that Zi are
smooth hypersurfaces in Z. Following [8], each intersection ZK =
⋂
i∈K Zi,K ⊂ [1,n] is still
smooth and of codimension |K|. Let ξi denote the fundamental class [Zi] ∈ H2(Z,Z), i =
1, . . . ,n. Consequently [ZK ] =: ξK = ∏i∈K ξi.
Demazure proves that the cohomology ring H∗(Z,Z) is Z-free, with generators
(ξK)K⊂[1,n] and relations
ξ 21 = 0,ξ 22 + 〈αv1 ,α2〉ξ1ξ2 = 0, . . . ,
ξ 2n + 〈αv1 ,αn〉ξ1ξn + · · ·+ 〈αvn−1,αn〉ξn−1ξn = 0.
Also, the following relations hold [8]:
ψ∗(ξK) = 0 for length (wK) 6= |K|,
ψ∗(ξK) = [XwKw0 ] if length (wK) = |K|,
where
wK = ∏
i∈K
sαi , K ⊂ [1,n].
In view of p. 58 of [8], the class of the tangent bundle of Z in K(Z) can be explicitly
described as
[TZ] =
n
∑
r=1
[
n⊗
i=1
O (Zi)〈α
v
i ,αr〉
]
.
Accordingly, the Todd character of TZ is
td(Z) =
n
∏
r=1
∑ri=1〈αvi ,αr〉ξi
1− exp(−∑ri=1〈αvi ,αr〉ξi) . (A1)
From now on K = [1, . . . ,k],k ≤ n is fixed. From the exact sequence,
0 → TZK → TZ |ZK → NZK |Z → 0,
the isomorphism NZK |Z ∼= O (Z1)|ZK ⊕ ·· · ⊕O (Zk)|ZK and from the Riemann–Roch–
Grothendieck formula applied to the inclusion iK : ZK → Z one obtains
ch(OZK ) = (−1)
k
k
∏
i=1
ξ 2i
1− eξi . (A2)
Notice that for every element w ∈ W there exists a decomposition of w0 into simple
reflections, such that w[1,...,k] = ww0, where k = length(w) (see [8]).
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On the other hand, for K = [1, . . . ,k], one knows that [8]
ψ∗(OZK ) = OXw and Rqψ∗(OZK ) = 0, q ≥ 1.
Finally, Riemann–Roch–Grothendieck formula yields
ch(OXw)e−ρ = ψ∗(ch(OZK )td(Z)). (A3)
In conclusion, by substituting (A1) and (A2) into (A3) and by knowing the action of
ψ∗ on the cohomology, one gets an algorithm of computing ch(OXw) in terms of the Car-
tan integers 〈αvi ,α j〉, a reduced decomposition of w and the generators [Xw′ ],w′ ∈W of
H∗(G/B,Q). However, as mentioned before in §5, some further simplifications of this
algorithm are worth having.
Remark. It is likely that the recent paper by Kostant and Kumar [15] can lead to a better
understanding of the integrality conditions in §5.
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